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Abstract 

The influence of the interference of electron waves, which are scattered by single impurities 
and by a barrier on nonlinear conductance and shot noise of metallic microconstriction is studied 
theoretically. It is shown that the these characteristics are nonmonotonic functions on the applied 
bias V. 
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I. INTRODUCTION 



Single defects influence strongly to physical properties of mesoscopic systems. Usually 
different defects arise during a manufacturing of mesoscopic conductors and an investigation 
of its effect to the transport characteristics has a practical significance. From other hand 
the study of the effect of single defects to kinetic coefficients makes it possible to obtain 
the most detailed information on the electron scattering processes that is important for 
the basic science. Point contacts and quantum microconstrictions (quantum wires) are one 
of the classes of mesoscopic systems, which are wide investigated both theoretically and 
experimentally (for review see . The electrical conductance G of such constrictions is 

proportional to the number of propagating electron modes (the number of discrete energy 
levels En < £f of transverse quantization, ep is the Fermi energy), each one contributing 
an amount of Gq = 2e^/h. The changing of the contact diameter d leads to the changing 
of the number of occupied levels e„ and the G (d) suffers a Go stepwise change. This effect 
is a manifestation of the quantum size effect in metals, which first predicted by Lifshits 



and Kosevich in 1955 



a. 



The scattering processes decrease a probability T„ < 1 of the 



transmission oin — th mode and the conductance at zero temperature T = and an applied 



voltage — s> is described by Landauer-Buttiker formula 

The shot noise is an important characteristic of the transport properties of mesoscopic 
conductors It is originated from the time-dependent current fluctuations. First 

Kulik and Omelyanchouk noticed that the shot noise in ballistic contacts vanishes in the 
quasiclassical approximation, if there is no any electron scattering. In quantum microcon- 
striction these fluctuations arise from the quantum mechanical probability of electrons to 
be transmitted through it. At T = 0, a bias at the contact V ^ Q and for low frequencies 
a; — > the shot noise is given by jll 

N 

5(0) =2eyGo^T„(l-TO. (1) 

n=l 

In perfect ballistic contacts, in which the transmission probability for every mode T„ = 1, 
the shot noise is fully suppressed. However even in adiabatic ballistic constrictions near the 
values of its diameter, at which the highest energy levels Sn is close to Sp, the probability 

noise is the linear function of the 

voltage V . 



The conductance of quantum microconstriction containing different types of single defects 
has been investigated theoretically in the papers 0]-^^. The most remarkable features of 
manifestation of electron scattering process in mesoscopic constrictions with only few point- 
like defects are: (i) the effect of quantum interference between directly transmitted through 
the contact an electron wave and electron waves scattered by the defects and a barrier in the 
contact and (ii) the dependence an electron scattering amplitude on a position of the defect 
inside the constriction. First effect results in the nonmonotonic dependence of the point- 
contact conductance on the applied bias, which was observed in the experiments j20|, |21| 
and theoretically considered in the papers . Recently new experimental observation 

of conductance oscillations in quantum contact was reported in Ref.j3|. The second one 
is the reason for a size dependence of the Kondo anomaly of the quantum conductance 
IgI 19 1 . This dependence is due to a non- homogeneity of the local density of the electron 



states across of the diameter of microconstriction. In the paper [17] based on a numerical 
simulation the influence of " dirty" banks on the conductance of quantum point contact was 
considered and authors had predicted the suppression of conductance fluctuations near the 
edges of the steps of the function G (d) . This effect have been experimentally observed in 



Ref. 



21[ and explained by the decreasing of the interference terms in the conductance, if the 



contact diameter d is closed to the jump of the G (d). 

The most important feature of the ballistic microconstriction is the splitting of the Fermi 
surface by applied voltage [2^. Effectively, there are two electronic beams moving in oppo- 
site directions with energies differing at each point of the constriction by exactly the bias 
energy eV. Because of this difference of electron energies e ± a value of a wave vec- 
tor kz [e ± ^) along the constriction depends on eV . The mentioned above the effect of 
quantum interference between directly transmitted and scattered waves defines by a relative 
phase shift A(f = 2kzAz of wave functions {Az is a distance between scatterers) and the 
dependence {e ± ^) results in oscillations of transmission probabilities T„ {V) as func- 
tions on V. In this paper we consider an influence of such effect to the conductance and 
shot noise in long quantum microconstrictions with few defects and the potential barrier. 

The paper is organized as follows. In Sec. II the model of microconstriction and the basic 
equations are discussed. In Sec. Ill the voltage dependence of conductance and shot noise is 
studied. The two cases are considered: single impurity in the constriction with a barrier and 
two impurities in the constriction without the barrier. The expressions for Green's function 
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for these cases are given. Also the results of numerical calculations are presented in this 
section. We summaries our results in Sec. IV. 



II. MODEL OF MICROCONSTRICTION AND FORMULATION OF THE PROB- 
LEM 



Let us consider the quantum microconstriction in the form of a long channel with smooth 
boundaries and a diameter 2R comparable with the Fermi wavelength \p (Fig.l). A length 
of the channel L is much larger than R. We assume that the channel is smoothly (over Fermi 
length scale) connected with a bulk metal banks, to which the voltage eV <^ Sp is apphed. 
In a center of the constriction a potential barrier {U (z) — U5 (z)) is situated in vicinity of 
which there are few point- like defects in positions r^. The Hamiltonian of the system can be 
written as 

^-^*+^^^'^+9YlHr-r^), (2) 

i 

where p and m* are a momentum operator and an effective mass of an electron, is a con- 
stant of electron-impurity interaction ((? > 0, a repulsive impurity). In a ballistic channel 
without the barrier and defects {U = g = 0) the wave functions and energies of the eigen- 
states inside the channel can be separated to the transversal and longitudinal parts with 
respect to the constriction axis z: 

1 



*«(r) = — V'^^(R)e^'=^^; 



(3) 



^. = ^^ + ^. (4) 

where a = kz) is a full set of quantum numbers consisting of two discrete quantum 
numbers f3 = (m, n) , which define the discrete energies ep of conducting modes, and is the 
wave vector along the z axis; r = (R,z) . The transversal part (R) of the wave function 
satisfies to zero boundary conditions at the surface of the constriction. The functions (r) 
are orthogonal and normalized. 

According to definition the noise power spectrum is 



dte'^' {Ah (t) Ah (0) + Ah (0) A4 {t)) , (5) 
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where Ala (t) = h (t) — la', la (t) is the current operator in the right (a, b = R) or left 
(a, 6 = L) lead; = (^^a^ is the average current in the lead a; brackets (...) denotes the 
quantum statistical average for a system at thermal equilibrium. In this paper we will only 
be interested in zero frequency noise Sab (0) . Note that due to the current conservation 
I = II = Irv/g have S = Sll = Srr = -Slr = -Srl- 

The general formula for a current I through the quantum contact at a arbitrary voltage 



was obtained by Bagwell and Orlando 



24| (see also the book 



3): 



1 = ^ J deT{e,V)x{h-h); (6) 

where is the transmission coefficient of electrons through the constriction 

T{e,V)=Tr[die,V)tie,V)], (7) 

and fi^R (e) = /i? (e ± ^) is the distribution function of electrons moving in the contact 
from the left (/l) or right (/r) bank; fri^) is the Fermi function, t{e,V) is a scattering 
matrix. In general case the function T {e, V) depends on the applied voltage V because the 
electron scattering leads to the appearance of nonuniform electrical field inside the constric- 
tion 26]. This field must be found self-consistently from the equation of electroneutrality. 
In an almost ballistic microconstriction containing few scatterers and 5-function potential 
barrier of the small amplitude U the mentioned electrical field is small and we neglect its 
effect, assuming that the electrical potential drops at the ends of the constriction. 
In the same approximation the noise spectrum 5* (0) is given by 

m 

8(0) = ^Jde {Tr [d (s) f(e) d (e) tie)] x [/^ (1 - h) + (1 - /r)] (8) 
+Tr [d (e) t{s) (/ - d (e) f (5))] x [h (1 - Jr)] + Jr (1 - /l)} ; 

where I is the unit matrix. The first term in the Eq. (jH)) corresponds to thermal fiuctuations 
(the equilibrium, or Nyquist- Johnson noise) and vanishes, if the temperature T — 0. The 
second part of this equation remains finite at T = 0, if the bias is applied to the constriction, 
and it describes the shot noise. 

The calculation of the transport properties of the quantum constriction comes to the 
determination of the scattering matrix t {e) . Elements of scattering matrix tfta' can be ex- 
pressed by means of the advanced Green's function (r, r'; e) of the system |27l |: 

W (^) = —'^(3(3' ^ ; ^) ; ^ ^ ^ +00; (9) 



where 



(10) 



is an absolute value of electron wave vector corresponding to the quantum energy level sp] 
Gppi {z, z'] e) are components of the expansion of Green's function on the full set of wave 
functions corresponding to the transverse motion of electrons 



G+ (r, r'; e) = ^ (R) ^ ^ (R') Gj^, {z, z'; e) . 



(11) 



The matrix elements t^p' {e) describes the transmission probabilities for carriers incident in 
channel (3 in the left lead L and transmitted into channel 13' in the right lead R. The Green's 
function satisfies the Dyson's equation: 



G (r, r; e) = Gb (r, r'; e) + g^Gb (r, r,; e) G (r^, r'; e) 



(12) 



where Gb (r, r'; e) is the Green' function of ballistic microconstriction with the barrier in the 
absence of defects. It can be found from the equation 

Gb (r, r'; e) = Go (r, r'; ^) + U j dYi' Go (r; R", z" = 0; e) Gb (R", z" = 0; r'; e) , (13) 



where 



(r, r'; e) = J2 (R) ^1/3 W e^'^'^" 



(14) 



is the Green's function in the absence of impurities and the barrier. Substituting the expan- 
sions (fTT|) and (fT^ into equation (fT^ and taking into account the orthogonality of functions 
ipj_p (R) for the coefficients {z, z'\ e) 5^^' of G\ (r, r'; e) in the expansion (fTTj) we obtain 
the algebraic equation 



GbB {^1 ^) 



m 



Ak 



■'^\-'-'\ + Ue'^"\'\Glp{Q,z'-e) 



(15) 



Taking this equation at z = we find (0, z'] e) and finally {z, z'\ e) is given by 



b/3 



where 



/3 



im*U 



iki3\z'-z\ _|_ ^^^ikp(\z'\ + \z\) 



h?kp + im*U 



cos 



(16) 



(17) 
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is the amplitude of reflected wave; 



arcsm 



^1 + {m*u/n?kpy 



(18) 



The amphtude t/3 of transmitted wave can be evaluated through the r/3 from the condition 
of continuity of electron wave function at ^ = 



t 



K^kfs + im*U 



I sm 



(19) 



The same functions rp and tf^ can be found from the solution of the one dimensional 
Schrodinger equation of a system with 5— function barrier f/5 (z) 28 1. 

The Eq. fll2|) can be solved exactly for any flnite number of defects. For that the Eq. ()12|) 
should be written in all points rj of the defect positions and the functions G (r-j, r'; e) are 
found from the system of % algebraic equations. 

By using the matrix elements the conductance G = ^ of the microconstriction as 
well as the shot noise S (0) can be calculated. 



III. VOLTAGE DEPENDENCE OF CONDUCTANCE AND SHOT NOISE. 

To illustrate the effect of quantum interference of scattered electron waves to the con- 
ductance and the shot noise we present the results for two cases: (i) single impurity in the 
constriction with the barrier; (ii) two impurities in the constriction without the barrier. For 
the flrst case the Green's function takes the form: 

G (r, r'; .) = G, (r, r'; .) + (^^ (^1. ^) . (20) 

1 -^Gf, (ri,ri;£) 

where ri is the position of the impurity, a Green's function G^, (r, r'; e) is deflned by Eqs. pip . 

If only two impurities are situated inside the ballistic microconstriction, the solution 
of the Eq.jni) is 



G (r, r'; e) = Go (r, r'; e) + ^ . ^ . ,^ ^2 „ . ,n x (21) 



1 

1 - Gi (ri; e) Gi (rs; e) Gl (ri, v^; e) 
{Gl (r^; e) Gq (r, r^; e) [Go (r^, r'; e) + 



Gl (rfc; e) Go (r^, r^; e) Gq (r^, r'; e)]} 
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where 



Gi {vi]e) 



(22) 



1 - qGq (ri, r^; e) ' 

and Go (r, r'; e) is the Green's function of the balhstic microconstriction ()14|1 . Using the 
Eqs. (pljl and (PT|) it is easy to find the transmission probabihties tj^pi ©. 

At zero temperature the nonhnear conductance G iV) and the noise power S (0, eV) are 
given by the following expressions: 



f3(3' 



eV 



(23) 



I all \ E] 



(24) 



/3/3'/3"/3"' ,y 

Bp- 



(^) V"/3 (^)] } 



To explain the analytical results we present the expansion of the transmission coeffi- 
cient ([7j) on the constant of electron-impurity interaction g up to linear in g term for the 
constriction with one impurity in the point ri = (Ri, Zi) and the barrier 



Tie) 



2m*g 



(25) 



k/3l 



^Ri)|\os {2kpzi + V9^)| 



e > ep, 



where t/j, r/3, and phase ip^ are defined by Eqs. lfT^ . (fT7|). and (fTHj). This formula is cor- 
rect for <C 1, i.e. far from the end of the step of conductance, where kp 0. 
The oscillatory term in Eq. (j^H|) originates from the interference between directly trans- 
mitted wave (trajectory 1 in Fig.l) and the wave, which is once refiected by the barrier 
and after one refiection from the impurity passes through the contact (trajectory 2 in 
Fig.l). The amplitude of the oscillations depends on the local density of electron states 
Z//3 (Ri,£:) = m* \'ipj_fs (Ri)| / {^'^kj3 (e)) in the point, in which the impurity is situated. In 
certain points z/^ (R, e) can be equal to zero and the defect located near such point con- 
tribute a little to the oscillatory addition of (3th mode to the T (e) . In particular, impurities 
on the surface R = R^ do not infiuence to the oscillations of T (e) , because '?/'_|_^ (R^) = 0. 
As a result of the refiection from the barrier the oscillations have the additional phase <^/3- 
Its dependence on the energy e leads to nonperiodicity of oscillations of function T (e) . The 
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Eq. ()25|) enables to follow the changing in the amplitude of oscillation with changing of 
the contact diameter. If the diameter is increased and goes to the end of the conductance 
step, the energy of the transverse quantum mode is decreased (see, for example, the Eq. 
(j28|) for cylindrical geometry). The wave number kp (jlUp is increased and according the Eq. 
(fTTj) the modulus of the reflection probability |r^| is decreased. In opposite situation (the 
radius is decreased) the decreasing of kj3 is a reason for the decreasing of the transmission 
probability \tp\ (fT^ . In both cases the amplitude of oscillations of T (e) is decreased. 

The similar expansion of T (e) for the constriction with two defects in points ri = (Ri, zi) 
and Y2 = (R2, Z2) without barrier is 

2 



A m 



+ (26) 



where 



4? = (I^^) (^^*) • (27) 



The last term in square brackets describes the interference effect between trajectory 3 in 
Fig.l and trajectory 4, which corresponds to two scattering by different impurities, and non- 
monotonically depends on the energy e. The discussed above the energy dependence of the 
transmission coefficient T (e) manifests itself in nonmonotonic dependence of conductance 
and shot noise on the applied bias eV. 

The general expression for the components t^^' (e) Q calculated by using the Green's 
functions (j^n|) and (PT|) takes into account a multiple electron scattering by the impurities 
and barrier. It is valid for any values of parameters. Below we illustrate such situation 
presenting the plots for the voltage dependencies of conductance and shot noise for some 
values of parameters, which may be related to experiments. 

For numerical calculations we used the model of cylindrical channel, for which in formulas 
© and (jlD 

(P, ^) = , Jm ilmn^) e^'"^; (28) 

- - (29) 



2m*i?2 
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Here we used the cylindrical coordinates r = (p, y9, z) ; is n — th zero of Bessel function 
Jm- Also we introduce dimensionless parameters 

where kp is the Fermi wave vector. We have performed the calculations for 'g = 1, U = 0.5For 
such values of these parameters the amplitude of conductance oscillations is of the order the 
amplitude, which was observed in Ref. 22]. For the value of the radius 2ttR = 2.9Xf (one 
mode channel) the first energy level £0,1 < is comparatively far from the Fermi energy and 
for 2ttR = 3.45Air this level is closed to ep- For the larger value of radius {2itR = 5Xf) there 
are two opened quantum modes with energies Eq^i, £±1,1 < ep. To illustrate different reasons 
of appearance of conductance oscillations, in Fig. 2 and Fig. 3 we show the dependences 
of the conductance on the applied voltage for the channel without the barrier {U = 0) 
containing two impurities and for the channel with the barrier and single impurity. From 
comparison of the different curves in Figs. 2,3 we observe that the amplitude of conductance 
oscillations is decreased for radius value {2ttR = SAdXp) corresponding the end of first step 
of conductance. In Fig. 4 and Fig. 5 the voltage dependences of noise power are plotted. We 
remark that, as seen from Fig. 4, for the one mode channel the shot noise is the strongly 
nonmonotonic function of V. As well as for the conductance, the amplitude of the oscillations 
of the shot noise is decreased near the end of the first step {2ttR = 3A5Xf). For the two 
mode channel the S{V) is almost linear function that can be explained by the effect of a 
superposition of oscillations with a different periods. In the contact with the barrier the 
main part of the shot noise 5*0 {V) originates from the electron reflection from the barrier 
potential {S {V) = So{V) , if g = 0), and it is the monotonic function on V. The small 
nonlinearity of this function arises from the energy dependence transmission probability. 
The interference of electron wave in the presence of defect leads to nonmonotonic additions, 
which we show in Fig. 5. 



IV. CONCLUSION 



We have studied theoretically the voltage dependence of the conductance G and the shot 
noise power S in the quantum microconstriction in the form of long channel (quantum wire). 
The effect of quantum interference of electron waves, which are scattered by single defects 
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and the potential barrier inside the constriction, is taken into account. In the framework of 
the model we have obtained the analytical solution of the problem and found the dependen- 
cies of the G and S on such important parameters as the constriction diameter, the constant 
of electron-impurity interaction, the amplitude of the barrier potential and positions of im- 
purities. In the general case these dependencies are complex and defined by the expression 
of transmission probability t^^' by means of Green's functions (PUI) . ()2H). For the small 
constant g of electron-impurity interaction and far from the step of conductance the part 
of the total transmission coefficient Tie)^!^. which is due to the interference effect, is pro- 
portional to g and to the amplitude of the reflected from the barrier wave r^j (see, Eq. fllTj) ). 
As a result of that, at small g and U the interference part of conductance and shot noise is 
proportional to gU or g"^ (for f/ = 0) for any number of defects. 

We have shown that the conductance and noise are oscillatory functions on the applied 
bias V and come to the conclusion that the experimentally observed suppression of conduc- 
tance oscillations j^l] could be due to the energy dependence of the transmission probability 
of electrons through the constriction. In the framework of our model this suppression of 
conductance oscillations can be explained in the following way: The oscillatory part of con- 
ductance is decreased with the decreasing of amplitude of reflected from the barrier wave. 
The reflection probability r/3 from the barrier has the minimal value, if the energy of quan- 
tum mode Sjs is close to ep < ep ■ It is demonstrated that in the one mode constriction 
containing only impurities the shot noise power is a strongly nonlinear function on V. In the 
contact with the barrier the almost linear dependence S {V) has small oscillatory addition. 

We acknowledge fruitful discussion with A.N. Omelyanchouk. 
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FIG. 1: The model of quantum constriction in the form of long channel adiabatically connecting 
with bulk metallic reservoirs. The trajectories (1-4) of electrons , which are scattered by the defects 
and a barrier are shown schematically. 



13 



(27tR=5>ip) 

(27tR=3.45?Lp) 

(2]iR=2.9>.p) 




0.00 0.05 0.10 0.15 

eV/2 (The Fermi energy units) 



0.20 



FIG. 2: The dependences of the conductance on the apphed voltage for the channel containing two 
impurities for different values of radius; impurity positions are 27rpi = O.SXp and 27rp2 = 0.4Ai;', 
27r {zi — Z2) = 35Ai?. 
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FIG. 3: The dependences of the conductance on the apphed voltage for the channel containing the 
single impurity and the barrier for different values of radius; the impurity position is 21: = O.SAi;', 
27rzi = S5Xf- 
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FIG. 4: The voltage dependences of noise power on the apphed voltage for the channel containing 
two impurities for different values of radius; impurity positions are 2npi = O.SXp and 2np2 = OAXp, 
27r {zi — Z2) = 35Xf. 
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FIG. 5: The voltage dependences of the nonmonotonic part of noise power on the apphed voltage 
for the channel containing the single impurity and the barrier for different values of radius; the 
impurity position is = 0.3Af, 2ttzi = S5Xf- 
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